Abstract. For strengthening the classical connectivity of networks, Hager (1985) first introduced the concept of generalized connectivity of networks, which was also called the tree-connectivity by Okamoto and Zhang (2010) . In this paper, we prove that the generalized 3-connectivity of the n-dimensional alternating group network is n-2.
Introduction
As usual, the underlying topologies of interconnection networks are modeled as undirected simple graphs, where vertices and edges in a graph represent processing elements and their communication channels, respectively. Let G be a graph with vertex set V(G) and edge set E(G). For any two vertices x,y∈V(G), a path joining x and y in G is called an (x,y)-path. Two (x,y)-paths are internally disjoint if they have no vertex and edge in common except x and y. A set of k internally disjoint (x,y)-paths is called a k-path container between x and y. 
V(G) with |S|≥2, two trees T and T ' in G that connect S are called internally disjoint trees (IDTs for short) if E(T)∩E(T ')=Ф and V(T)∩V(T ')=S.
The connectivity of a graph G, denoted by κ(G), is the minimum number of vertices whose removal from G results in a disconnected or trivial graph. A graph G is k-connected if κ(G)≥k. A well-known result by Whitney [1] provided an equivalent definition as follows: A graph G is k-connected if and only if G has a k-path container between any pair of vertices. In addition, the following characterization of k-connected graphs emerged from [2] is related to the concept of k-fan, which is called the Fan Lemma. Lemma 1. (see [2] ) A graph G is k-connected if and only if |V(G)|≥k+1 and, for any vertex x∈ V(G) and Y⊆V(G)\{x} with |Y|≥k, there exists a k-fan in G from x to Y.
By extending from a path container to a tree container, Hager [3] proposed a generalization of the connectivity as follows: Let κ(S) denote the maximum number of pairwise IDTs that connect S in G. For an integer k≥2, the generalized k-connectivity κ k (G) is defined as κ k (G)=min{κ(S): S ⊆ V(G) and |S|=k}. As an application of the generalized connectivity, it can serve to measure the capability of connection for a set of nodes in the network. Obviously, we have κ 2 (G)=κ(G) for any graph G. There are many research results related to κ k (G). First of all, it has been proved in [4] that κ 3 (G)≤κ(G) for every connected graph G, while κ k (G)≤ κ k-1 (G) is not true in general. Currently, the exact values of κ k (G) are known for only small classes of graphs [5] [6] [7] . In fact, it has pointed out in [4] that the investigation of κ k (G) for general k is very difficult, and thus many succeeding research focused on the study of κ 3 (G), e.g., star graphs and bubble-sort graphs [8] and product graphs [9, 10] . For more further investigations ofκ k (G), see also a survey [11] , and a recently published book [12] .
Youhu [13] introduced alternating group networks, denoted by AN n as interconnection network topologies for computing systems. In this paper, we determine the generalized 3-connectivity of alternating group networks as follows.
Theorem 2. For n≥3, κ 3 (AN n )=n-2.
Alternating Group Networks
For n≥3, let Z n ={1,2,…,n} and p=(p 1 p 2 …p n ) be a permutation of elements of Z n , where p i ∈ Z n is the symbol at the position i in the permutation. Two symbols p i and p j are said to be a pair of inversion of p if p i < p j and i > j. A permutation is an even permutation provided it has an even number of inversions. Let A n denote the set of all even permutations over Z n and g ij an operation on A n that swaps symbols at positions i and j and leaves all other symbols undisturbed. The composition g ij g kl means that operations are taken by swapping symbols at positions i and j, and then swapping symbols at positions k and l. For 3≤i≤n, we further define three operations g i -, g i + and g i * on A n by setting g i -= g 1i g 12 , g i + = g 2i g 12 , and g i * = g 3i g 12 . Taking It easy to check that AN 3 is isomorphic to a 3-cycle (i.e. a cycle of length 3). Figure 1 depicts AN 4 , where each part of shadows indicates a subnetwork isomorphic to AN 3 . AN n contains n!/2 vertices, n!(n-1)/4 edges and is an (n-1)-regular graph with diameter 3n/2-3 and κ (AN n )=n-1. As a Cayley graph, AN n is vertex-symmetric. However, it is easily verified that AN n is not edge-symmetric. In fact, AN n can also be defined recursively by a hierarchical structure. For n≥3 and i∈Z n , let AN n i be the subgraph of AN n induced by vertices with the rightmost symbol i. Clearly, for each i∈Z n , AN n i is isomorphic to AN n-1 . Then, AN n can be constructed from n disjoint copies of AN n i for i∈Z n such that, for any two subgraphs AN n i and AN n j , i,j∈Z n and i≠j, there exist (n-2)!/2 edges of the form (kli…j, lkj…i) for some k,l∈Z n \ {i,j} between them. For more properties on alternating group networks, we refer reader to [13] [14] [15] . Lemma 3. (see [4] ) Let G be a connected graph. For every two nonnegative integers k and r∈  {0,1,2,3}, if κ(G)=4k+r, κ 3 (G) 
To complete the proof, we need an extra (x,y)-path P such that V(P)∩V(P l )={x,y} for all l∈ Z n \{i,j,k}. Let U={u l : l∈Z n \{i,j,k}}\{x} and W={w l : l∈Z n \{i,j,k}}\{y}. Also, define H 1 =AN n j -U and H 2 =AN n k -W. Since κ(AN n j )= κ(AN n k )=n-2 and H 1 is obtained from AN n j (resp. H 2 is obtained from AN n k ) by removing at most n-3 vertices, this implies that H 1 (resp. H 2 ) is connected. Let H be the subgraph of AN n induced by V(H 1 )∪V(H 2 ). Since the edge connecting a vertex of N[x] with out-neighbor in AN n k (resp a vertex of N[y] with out-neighbor in AN n j ) does not be removed from H, it follows that H is connected and it contains an (x,y)-path P as our desired.
■

Proof of Theorem 2:
Since AN n is (n-1)-regular, by Lemma 2, we have κ 3 (AN n )≤δ(AN n )-1=n-2. We now prove that κ 3 (AN n )≥n-2 by induction. For n=3, since AN 3 is isomorphic to a 3-cycle, it is obvious that κ 3 (AN 3 )≥1=n-2. For n=4, since κ(AN 4 )=n-1=3, by Lemma 3 we have κ 3 (AN 4 )≥ 3/2=n-2. Suppose that n≥5 and the assertion holds for AN n-1 . Let S={x,y,z}, where x,y and z are three distinct vertices of AN n . Without loss of generality, we may consider the following three cases:
Case 1: x,y,z∈AN n 1 (i.e., x, y and z belong to the same subnetwork). Let H=AN n -V(AN n 1 ). By Lamma 5, H is connected. Since AN n 1 is isomorphic to AN n-1 , by induction hypothesis we have κ 3 (AN n 1 )≥(n-1)-2=n-3. Thus, there exist n-3 IDTs that connect S in AN n 1 . Let S '={x',y',z'}, where x', y' and z' are the out-neighbors of x, y and z respectively. Since any two distinct vertices of AN n 1 have different out-neighbors, all vertices of S ' are distinct. Since S '⊆V(H) and H is connected, there is a tree T ' that connects S ' in H. Let T be the tree obtained from T ' by adding three pendant edges (x,x'), (y,y') and (z,z'). Then, T is a tree connecting S in AN n and V(T)∩V(AN n 1 )=S. Now, counting the n-3
IDTs we mentioned before together with T, there exist at least n-2 IDTs connecting S in AN n , and hence κ 3 (AN n )≥n-2. Case 2: x,y∈AN n 1 and z∈AN n 2 (i.e., x, y and z belong to two subnetworks). Let H=AN n -V(AN n 1 ). By Lemma 5 and since AN n 1 is isomorphic to AN n-1 , we have κ(H)= κ(AN n 1 )=n-2, and thus there is an (n-2)-path container between x and y in AN n 1 . Let P 1 ,P 2 ,...,P n-2 be such internally disjoint (x,y)-paths. For each path P i , we choose a vertex w i ∈ V(P i ), and let W={w 1 ,w 2 ,...,w n-2 }. Note that at most one of these paths, say P 1 , has length 1. If so, we choose w 1 =x. For each i∈Z n-2 , we let w i '=out(w i ). Since any two distinct vertices of AN n 1 have different out-neighbors, w i '≠w j ' for i, j∈Z n-2 and i≠j. Let W '={w 1 ', w 2 ',…, w n-2 '}. Since W '⊆V(H) and κ(H)=n-2, by Lemma 1, if z ∉ W ', there exists an (n-2)-fan from z to W ' in H. For i∈Z n-2 , let P i ' be such (z, w i ')-path in this fan. On the other hand, if z=w i ' for some i ∈ Z n-2 (i.e., z∈W '), we may consider that P i ' contains exactly one vertex z. Now, for each i∈Z n-2 , we can construct a tree T i in AN n by setting
IDTs that connect S in AN n , and hence κ 3 (AN n )≥n-2.
Case 3: x∈AN n 1 , y∈AN n 2 and z∈AN n 3 (i.e., x, y and z belong to different subnetworks). For each i∈{4,5,…,n}, we consider the following external edges between subnetworks: 
■
Summary
In this paper, we prove that κ 3 (AN n )=n-2 for n≥3. That is, there exist n-2 IDTs connecting any three vertices in the n-dimensional alternating group network. In the future work, we would like to study the generalized k-connectivity of AN n for general integer k.
